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Abstract

In official statistics, stratified sampling designs are commonly used. A key step in planning stratified
sampling design is the choice of the stratification variables. When continuous variables are available,
they need to be divided into intervals to form the strata. These intervals can either be predefined or
determined by the researcher. In the latter case, the R package SamplingStrata (Barcaroli et al.,
2025) provides a valuable support. Using a sample of enterprises, we illustrate the benefits of apply-
ing the methods implemented in this package to optimize stratification.
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1 Introduction

In Official Statistics, National Statistical Institutes design sample surveys to collect data and make
inference on target parameters of the population of interest. Often, for surveys a stratified sampling
design is applied. Under a stratified sampling design, the population is partitioned into homogeneous
subgroups, called strata, by leveraging auxiliary variables and then, from each stratum independently,
a sample of units is drawn. The stratification can be a-priori defined in the sense that it involves
categorical variables (or at least discretised continuous variables) defined according to the domains
of estimation, and the strata are built from the cross-product of all the categories of the variables
involved. Instead, in other cases, stratification must be defined by the statistician. In this second
case, it is clear that it is important to choose how to define the strata in the population in order to
take full advantage of the available auxiliary information. In other words, the researcher must decide
which auxiliary variables to use (Task1) and how to combine the values of the auxiliary variables to
create the stratification (Task2), aggregating the categories of categorical variables or discretising
continuous variables.

In the decision process, for what concerns Task1, the researcher considers the target variables of
the survey (Y variables from now on) and chooses the auxiliary variables (X variables from now on)
that are most correlated with Y variables: in this way, the efficiency of the samples drawn according
to the resulting stratified structure can be greatly increased. Then, each combination of auxiliary
variables corresponds to a different stratification; how to combine those X is a hard and challenging
task and it can be considered the second task in the decision process. When dealing with continuous
stratification variables, a categorical variable defining classes is needed. In some situations, classes
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can be a-priori defined: this can turn out in building strata which are not optimal, meaning that the
strata are not homogeneous within and heterogeneous with each other. In some others, classes are
not a-priori defined and the researcher can use his/her expertise to define them; in this framework,
a data-driven manner can be used to cut quantitative variables and build classes and the R package
SamplingStrata (Barcaroli, 2014; Barcaroli et al., 2025) is useful in this sense.

The best stratification and allocation are the ones that, given constraints on level of accuracy of
the estimates of the target variables, minimizes the total cost of the survey. If the cost is uniformly
distributed across the strata, then the total cost is directly proportional to the overall sample size and
the optimal allocation in a given stratification is the one that minimizes the overall sample size.

Finally, the two tasks will be widely fulfilled if the obtained stratification partitions the population into
homogeneous and well-separated strata.

Then, by improving the stratification, also the allocation of units will benefit. The final sample will be
allocated more effectively with a better stratification.

Clearly, several methods to obtain strata boundaries exist. One of the earliest research contributions
is that of Dalenius (1950), who derived equations for determining the boundaries when stratifying
variables by size, but, due to dependency structure, equation cannot be easily solved and therefore
a closed-form solution is not available. Among efficient approximations of the optimal solution, a
first attempted is made by Dalenius and Hodges Jr (1957, 1959), who suggested to construct strata
by taking equal intervals on the cumulative function of the square root of frequencies. The cumu-
lative square-root (cum

√
f ) rule as techniques used for stratification has been further investigated

and extended by Särndal et al. (1992), who also proposed the cumulative cube-root (cum 3
√
f ) rule.

Another proposed approximation is the Ekman’s rule: Ekman (1959) proposes to iteratively equalize
the product of the stratum weights and stratum ranges to obtain the final stratification.

The Dalenius rule is not suitable for highly skewed populations, where the assumption of negligible
sampling fractions is not suitable. Therefore, when in presence of a positive skewed population,
Hidiroglou and Lavalleé (1988) derived an iterative procedure for the stratify skewed populations into
a “take-all” layer and a number of ”take-some” strata such that the sample size is minimized for a given
level of reliability. In the same framework, Gunning and Horgan (2004) developed a new algorithm
for constructing stratum boundaries in such a way that the coefficients of variation are equal in each
stratum.

A more recent contribution to the topic of obtaining strata boundaries is provided by Ballin and Bar-
caroli (2013); Barcaroli (2014) who proposed a new approach for the determination of the best strat-
ification of a sampling frame, the one that ensures the minimum sample cost under the condition
to satisfy precision constraints in a multivariate and multidomain case. The methodology is imple-
mented in the R package SamplingStrata (Barcaroli et al., 2025). This approach is based on a
genetic algorithm, where each solution (i.e. a particular partition in strata of the sampling frame) is
considered as an individual in a population and the fitness of all individuals is evaluated applying the
Bethel-Chromy algorithm to calculate the sampling size satisfying precision constraints on the target
estimates.

In the CRAN (R repository), other packages are available to obtain strata boundaries. For instance,
the R package stratbr (Jose Brito and Veiga, 2022) allows to construct optimal strata with an op-
timization algorithm based on a global optimisation technique called Biased Random Key Genetic
Algorithms. The methodology is fully described in de Moura Brito et al. (2015). Another proposal is
implemented in the R package stratamatch (Aikens et al., 2022) which, among the other functional-
ities, allows to stratify a large observational dataset based on categorical variables of interest.

This paper aims to describe the usage of the R package SamplingStrata helping in defining strata

The Survey Statistician 46 July 2025



when continuous variables are used as stratification variables. An application focused on obtaining
a sample of enterprises in the field of Structural Business Statistics (SBS) surveys is used to show
differences between two stratifications: the former obtained by considering strata with a priori classes
of continuous stratification variables (standard procedure) and the latter obtained by defining strata
using classes provided by the SamplingStrata package.
This paper is organized as follows: Section 2 is devoted to describing SamplingStrata R package;
Section 3 describes an application to obtain allocation of enterprises using both standard procedure
and SamplingStrata package. Finally, Section 4 summarizes the main findings.

2 SamplingStrata package

How to combine stratification variables in order to define strata is a crucial step for the sampling
design. Each combination of auxiliary variables corresponds to a different stratification and the num-
ber of all possible combinations (strata) can be very high. A very convenient solution is to adopt
the evolutionary approach, which consists of applying a genetic algorithm that can converge to a
near-optimal solution after a finite number of iterations. The methodology is described in detail in
Ballin and Barcaroli (2013) and it is implemented in the SamplingStrata package. In order to mini-
mize the sample cost needed to satisfy precision constraints on a diverse set of target estimations,
the methodology provides a solution to the problem of determining the optimal stratification of the
available population. The solution is pursued by systematically exploring all possible stratifications
generated through combinations of the categorical auxiliary variables available in the frame (contin-
uous variables may be discretized for this purpose). Therefore, the approach is multivariate for both
target and auxiliary variables. The proposed algorithm is based on a nondeterministic evolutionary
approach, using the genetic algorithm paradigm, where each potential stratification is treated as an
individual in the population. Its fitness is determined by the cost of the sample needed to meet the
specified precision constraints. Such cost is calculated by applying Bethel’s algorithm for multivariate
allocation (Bethel, 1989).

The package allows to obtain the optimal stratification when the auxiliary variables are continuous
or categorical. More specifically, the optimization process starts with the preparation of the sampling
frame, the definition of the survey’s target estimates, and the specification of the associated preci-
sion constraints. Next, based on an analysis of the correlation between the two sets of variables
(stratification and target), it is necessary to select the stratification variables from those available in
the frame. If the selected stratification variables are both continuous and categorical, the continuous
ones must be categorized (for example, using a k-means clustering algorithm) to make them homo-
geneous. At this stage, the optimization step can be carried out using the ”atomic” method. If, on
the contrary, the stratification variables are all continuous, the optimization phase can be conducted
directly using the “continuous” method. It is also possible to define ’take-all’ strata. Finally, after the
optimal stratification is obtained, it is possible to adjust the sample size of the optimized solution on
the basis of the available budget. For a complete description of the package the reader can refer to
CRAN documentation (Barcaroli et al., 2025).

To obtain the strata, the function optimStrata can be used. If method="continuous" is specified,
then quantitative variables are cut in classes in order to define the strata; instead, if method="atomic"
is used, then categorical variables are combined in order to define the strata. The division of variables
into classes is determined based on a genetic algorithm with the goal of creating homogeneous strata.

3 Application

The advantages of the use of SamplingStrata in order to stratify the population when continuous
stratification variables are used and a-priori classes are not provided are shown through an applica-
tion related to economic surveys. National Statistical Institutes carry out periodically SBS surveys.
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These surveys are used to collect information about, among the others, the organization’s structure,
the economic activity and performance in terms of turnover, production and innovation of businesses
over time (Eurostat, nd). The sampling units in such surveys are the Enterprises or the Legal Units.

The universe of enterprises selected from the register of Legal Units operating in 2021 (ASIA register
2021) is used as the sample frame for this application. According to the statistical classification of
economic activities in the European Community (NACE classification), the target population consists
of all Legal Units (LU) that are based in Italy and operate in the following economic sectors: G,
H, I, J, L, and M. These sections refer to the following activities: G: wholesale and retail trade;
repair of motor vehicles and motorcycles; H: transportation and storage; I: accommodation and food
service activities; J: information and communication services; L: real estate activities; M: professional,
scientific and technical.
The sampling frame is made up by N = 1009060 units. Table 1 provides a summarized description
and key information for the variables used.

Table 1: Variables’ description

Variable Description Type

turnover turnover of the enterprises numeric
employees number of employees numeric

sez section: NACE code (level 1) categorical
ateco2 division: NACE code (level 2) categorical
ateco3 groups: NACE code (level 3) categorical
ateco4 classes: NACE code (level 4) categorical

Suppose we are interested in estimating turnover index at the following domain of interests: DOM1:
national domain; DOM2: sez.

In order to design a sample, we can use the following stratification variables which can be considered
significantly linked with the target variable: sez, turnover, employees. Observe that employees and
turnover are continuous variables, whereas sez is a categorical variable. Therefore, every section
can be crossed with turnover and employees opportunely divided into classes to reach the final
stratification.

3.1 Stratification with a-priori classes of continuous variables

Continuous variables can be divided into classes a-priori defined. Suppose that the continuous
variable employees is used to build a categorical variable cladd (classes of employees) as follows:
000-004, 005-009, 010-019, 020-049, 050-099, 100-249, 250+; the continuous variable turnover is
used to build a categorical variable clfat (classes of turnover ) as follows: a.0-49999, b.50000-99999,
c.100000-199999, d.200000-399999, e.400000-999999, f.1000000+. Then, the stratum is defined by
crossing each section with all the categories of cladd and clfat, for a total of H = 210 strata.

In this case, strata are a-priori defined. There are various methods to determine the allocation of units
within strata in such a scenario. Assume that n units are to be allocated among H strata, with nh units
allocated among each stratum h, h ∈ {1, . . . ,H}. Clearly,

∑H
h=1 nh = n. The allocation of units inside

strata can be uniform, proportional and optimal. We are interested in optimal allocation. The optimal
allocation with one target variable and one domain has been introduced by Tschuprow (1923) and
Neyman (1934); its extension to the multivariate framework is thanks to Bethel (1989); finally, Falorsi
et al. (1998) developed the optimal allocation in a multivariate, multi-domain framework. Ballin and
Barcaroli (2013) developed a methodology for the joint determination of the best stratification and
best allocation in a multivariate and multi-domain framework.
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Given the aforementioned strata, the optimal allocation of units in a multi-domain and multivariate
framework has been determined with the function beat.1st of the R package R2BEAT (Fasulo et al.,
2025; Barcaroli et al., 2023). The final sample consists of n = 15001 units.

3.2 Stratification with classes of continuous variables obtained through the SamplingStrata
package

When continuous variables are not a-priori divided into classes, the researcher can adopt the
SamplingStrata package which provides the stratification with optimal allocation. The package de-
fines for each section a different stratification based on different combinations of continuous variables
turnover and employees. More specifically, we derive a number of strata for each section (sez)
based on two continuous variables (employees and turnover ) that are properly divided into classes.
The SamplingStrata package incorporates a K-means algorithm that suggests the number of strata.
Using a genetic method, the variables are divided into classes in order to produce homogeneous
strata. To clarify the procedure, in our situation, we obtain a partition of the units into strata for every
section. Each stratum is identified by a range of values for the auxiliary variable employees and a
range of values for the auxiliary variable turnover.

Figure 1 graphically shows how the two auxiliary variables employees and turnover are combined in
order to obtain a different stratification for each section (in the figure domain). Table 2 reports the first
rows of the dataframe given as output by the function and on which Figure 1 is based.

Table 2: Summary of 6 strata of Domain G Stratification

Domain Stratum
Population

(Nstr)
Allocation
(SOLUZ)

Lower
Turnover

Upper
Turnover

Lower
Employees

Upper
Employees

G 1 324561 229 0 11652455 0 27
G 2 6973 48 0 57289813 0 723
G 3 1267 51 35424451 384321633 0 945
G 4 131 19 187020765 1381681024 2 1347
G 5 27 7 1406710342 2899609115 0 1454
G 6 1 1 644350392 644350392 1615 1615

As a result, by applying the optimStrata function to our data set, we are able to obtain distinct
stratifications for each section, shown in Table 2. Additionally, the total number of units (Nstr) and the
optimal allocation (SOLUZ) are provided for each section and stratum. It is obvious that summing
up SOLUZ yields the final sample size, and summing up Nstr yields the total number of units in the
universe.

The final stratification, in which the population is divided into H = 64 strata, is obtained by crossing
each section for each found stratum.

Lastly, this allocation (SOLUZ) has been proportionately adjusted into strata (function adjustSize) to
obtain a sample of the same dimension as the one obtained using the standard method (Section 3.1).
In other words, the total sample size allocated to each stratum as determined by SamplingStrata is
equal to the total sample size allocated to each stratum set a-priori as determined by the R package
R2BEAT.
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3.3 Results’ evaluation and discussion

The proposed stratification allows us to allocate a sample of the same dimension as the one of the
standard procedure (n = 15000). The proposed procedure identifies H = 64 strata, lower than the
number of a-priori defined strata (H = 210).

Figure 2: Sample allocations of previous Allocation (Previous Alloc) and proposed allocation (Pro-
posed Alloc) in each domain level (DOM2).

Figure 3: Sampling fraction comparison of Standard Allocation (Standard f) and proposed allocation
(Proposed f) in each domain level (DOM2).

Figure 2 shows the comparison between allocated sample sizes in DOM2. We noticed that the
proposed allocation is quite different from the standard one; for some domains (sections I, M, J), it
allocates a higher number of units, which are balanced by allocating fewer units in other domains.
To complement Figure 2, which shows the allocation in terms of magnitude, we use the radar plot of
the sampling fraction for each category of DOM2 (Figure 3), which shows the proportion of allocated
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units in the population. As it can be noticed, also in this case for some domains (sections I, M, J) the
sample fractions are higher in the proposed allocation.

The higher number of allocated units (and the higher sample fraction) in some domains (sections I, M,
J) is totally justified by the significant reduction in the Coefficient of Variation (CV) of the estimates of
target variable (turnover ) in the corresponding domains, as it is highlighted in Table 3. The Coefficient
of Variation is a well-known and widely used measure of estimates’ error and it is defined as the
standard error of the estimates to the mean.

So far, we mentioned that SamplingStrata allows to obtain a sample of the same dimension of the
one obtained with a-priori defined strata. However, it is important to focus on the expected estimates’
CV.

We computed the expected CVs (%) for each domain for the estimates of the variable of interest,
namely turnover, using the beat.1cv function from the R package R2BEAT. Each domain category
and allocation’s CV value (%) is displayed in Table 3. The CVs (%) of the variable of interest’s
estimates obtained using the standard procedure’s stratification and allocation are reported on the
left, while the expected CVs (%) of the estimates obtained using the suggested stratification and
allocation are provided on the right. In addition, Figure 4 shows a radar plot to compare the two
stratifications and allocations in terms of CV.

Table 3: CV (%) comparison between previous and proposed allocation

Domain category CV (%) standard allocation CV (%) proposed allocation

DOM1 1 1.00 0.71
DOM2 G 1.39 1.14
DOM2 H 2.75 1.09
DOM2 I 2.73 1.21
DOM2 J 2.79 1.07
DOM2 L 3.81 1.18
DOM2 M 3.14 1.16

Figure 4: CV comparison between previous and proposed allocation by Domain
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As can be seen from Table 3 and Figure 4, the suggested allocation and stratification increase the
estimates’ efficiency, namely by significantly reducing the errors. It is evident that the errors are more
than halved for sections J, I, and M, which needs a larger sample size in the suggested method
compared to the standard one. Therefore, our proposal allows to reduce the uncertainty of the
estimates while preserving the same sample size. Furthermore, it can be shown that, if the errors
level obtained in the standard procedure are regarded as acceptable constraints on the estimates
errors and are used in the allocation problem, our proposal will result in a final sample of smaller
dimension as CVs and sample size are inversely proportional. In fact, we fixed constraints on the
level of CVs that equals the one achieved with the standard procedure in order to identify the optimal
allocation using the stratification suggested in this study. The final allocation is equal to n=5555 units.
This proves the significant reduction in sample size only thanks to a more efficient stratification, given
that previous constraints on errors level remain the same. Figures 5, 6 show the allocated sample
sizes in each category of DOM1 and DOM2, respectively, obtained by the proposed and standard
procedures by using the same error levels: the proposed allocation is always below the standard
one.

In conclusion, if the sample size remains the same, the proposed and implemented stratification
technique and allocations allow to reduce the error. On the other hand, by keeping the error levels
obtained by the standard procedure, it allows to reduce the final sample size.

Figure 5: Allocation comparison between Standard and Proposed allocation in DOM1 fixing con-
straints on level of CVs equal to Standard allocation

The Survey Statistician 53 July 2025



Figure 6: Allocation comparison between Standard and Proposed allocation in each domain level
(DOM2) fixing constraints on level of CVs equal to Standard allocation

In both cases, the result is highly advantageous. In fact, on the one hand, a more accurate estimate
is desirable and is linked to a lower error level. However, from a logistical and computational perspec-
tive, a smaller sample size is highly beneficial; for instance, the survey’s costs and survey statistical
burden on respondents will be reduced.

4 Final Consideration

The proposal shows an example of the benefits of the method implemented in the R package
SamplingStrata to obtain a sample of enterprises with a stratified sampling design when the stratifi-
cation variables are continuous and the classes are not a-priori determined w.r.t. when the classes
are a-priori given. The suggested methodology reduces the estimates’ errors measured in terms of
coefficients of variation while maintaining the final sample size. Finally, it is also possible to show for
our example that the proposed methodology allows to obtain a significant reduction in sample size,
while keeping the same level of estimates’ errors.
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