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e Consider a finite population U = {1,...,k,..., N} of N units.

® Goal: Estimate

1
o= Yk

A sample S of size n is selected according to a sampling design.

® The vector | = (/1,...,lx,...,In)" contains the sample selection indicators:
ml,=1ifkesS;
m /[, = 0 otherwise.

® The first-order inclusion probabilities are defined as

mw = P(keS)>0 forallkeU

The second-order inclusion probabilities are defined as

e = P(k,£€S) >0, k#/0e U. 3/65



The Horvitz—Thompson estimator

® An estimator of u is the Horvitz—Thompson estimator
A 1 -1
NHT:NZWkYka Wi =T .
kesS

® The error can be written as
1 P

ﬁHT—MZNZ<—1>Yk-

keU Tk
® Design-unbiasedness:
Biasd(ﬁHT) = Ed(ﬁHT — ,u) =0.
® Under mild regularity conditions,
pur — p = Op(”_l/2) :
— [igT is \/n-consistent.
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Variance estimation

® The design variance of the Horvitz—Thompson estimator is

Yk Ye
Va(fiuT) > > A==, Dy = Ty — Tk
N2 Tk T
keU teU

® A design-unbiased variance estimator is

A Dyo Yic Ve
V(#mT) N2 Z Z PRnp—
keSees ke Tk e

® Under mild regularity conditions,

i\] ~

Vi) g,
Va(fimr)

— V(figr) is design-consistent.
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Central limit theorem

® Under suitable conditions,

HET T H 4 N(0,1),

~

V(finT)

® Central limit theorems for Horvitz—Thompson estimators and related classes of
estimators have been established by Hajek (1960), Hajek (1964), Krewski and
Rao (1981), Rosén (1997) and Chen and Rao (2007), among others.

® An approximate 95% confidence interval for p is

~

ﬁHT + 1.96 V(ﬁHT)
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The chain process: the Horvitz—Thompson estimator

Parameter A toti
- symptotic
t \/n-consistency J Z Y normality
keU
( Estimator: )
Anr = ZWkYk wi =t
keS

¥

Design variance:

Va(fiar) = N2 Z > A oLl

keU LU “micmy

¥

Varlance estimator:

A
MHT N2 szﬁﬁ

kes tes Tkt Tk T
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Early work in model-assisted estimation

® Early developments in model-assisted estimation focused primarily on linear working
models and regression-type estimators: e.g., Cassel et al. (1977), Sarndal (1980),
Robinson and Sérndal (1983), and Sarndal et al. (1992).

® |et
_ T
X = (17Xk1, 500 ,ka)

denote a vector of auxiliary variables for unit k.
® At the estimation stage, we assume that:

m X, is observed for each sampled unit k € S;

m the population total t, = ), ., X« is known.
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A linear working model

® Consider the linear working model
ykZX;(r,B—‘rEk, E(Ek |Xk)=0.

® The model is used as a working device to exploit the association between Y and the
auxiliary variables.

® The finite-population values are treated as fixed, and randomness continues to arise from
the sampling design.

® The working model need not be correctly specified for the resulting estimator to retain its
design-based interpretation.

Model-assisted principle

The linear model is used to improve efficiency, while statistical validity is derived from the
sampling design.
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A hypothetical population-level fit

® Suppose, hypothetically, that the linear model could be fitted using all the units in the
finite population.

® The resulting finite-population least-squares coefficient would be

=il
BU = (Z XkXZ> Zxkyk.

keU keU

® The corresponding hypothetical fitted values are

?k = XZBu., ke U.

® These fitted values are fixed with respect to the sampling design, but they are infeasible
because yx is not observed for nonsampled units.
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The difference estimator

® Using the hypothetical population-level fitted values, define the difference estimator:

ﬁdiff—* > x(Bu+ > wi (v — %/ By)
keu kes ST

ek

® The error is
Hdig — [t = %Z (Ik —1)&, & = yx — %, By
® Since By and the residuals e are fixed with respect to the sampling design,
Eq(fiaie — p) = 0.
® Under suitable conditions,

fait — = Op(n™*/?)

= [lqiff is \/n-consistent. o



Variance

Its design variance is

V (,u(hff 2 Z Z :_i ;_2

keU teUu

Unlike the Horvitz—Thompson estimator, the difference estimator is driven by the residuals
~ T
e = yk — X, By,

rather than by the original values yj.

If Y and x are strongly linearly related, the residuals €, are expected to be substantially
less variable than the yj.

We may therefore expect substantial efficiency gains over the Horvitz—Thompson
estimator.
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Variance estimation

® A design-unbiased variance estimator is
Dyo ey &
~ T
,Udlff 2 E E p ;7? €k = Yk — X By.
keS tes ke Tk TE

® This is the usual Horvitz—Thompson variance estimator applied to the population
residuals. Under mild regularity conditions,

V(i
V(ftair) g
Va(Hair)

® (Classical design-based central limit theorems therefore yield

it 719y Ar(0,1).

~

V(Faie)

® An approximate 95% confidence interval for i is

g + 1.964/ V(fiaig)-
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The chain process: the difference estimator

Parameter A toti
- symptotic

kEU

¢

Difference estimator:
sz = {EkeUXZBU + Ykes u ()’k - XZBU)}

!

Design variance:

Va(fiair) = 7 Z > f%%

keUteU

¥

Varlance estimator:

App e &
V(fain) N2 E:EE:;;;;;;;
keS teS
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From hypothetical fit to sample fit

® The population-level coefficient By is infeasible because it depends on the population
values yy for all k € U.

® |n practice, we fit the linear model using the sample only.

® The resulting weighted least-squares coefficient is

1 -1
B= (Z WkaxZ> D Wixiyi = <Z Wk/kxkx[) > WX

kes kes keu keu
® The corresponding sample-based fitted values are

~ To
Yk =x, B
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The generalized regression estimator

® Replacing the hypothetical population fit by the sample fit yields the generalized
regression estimator (GREG):

~ 1 B TR
HGREG = N Zxk B+ZWI< (yk — X B)
keU kes —
e
® Unlike the population coefficient By, B depends on the selected sample =—> the fitted
values x, B and the residuals
€k = Yk — XkTB

are random with respect to the sampling design.

® As a result, the GREG estimator is generally not exactly design-unbiased. More on this

soon...

® |ts design properties are established through its asymptotic equivalence to the difference

estimator. 16 /65



GREG versus the difference estimator

® |et ?X’HT = Zkes wiXk. We have the exact decomposition

~ ~ 1 = T /2
HGREG = Hdift + N (tx - tx,HT) (B — BU) ]

Ry

® The remainder term R, is the price paid for estimating By from the sample.

Under standard regularity conditions, with a fixed number of auxiliary variables,
1

N (/t\x,HT - tx) = OIP(n_l/2)7

B — By = op(1).

Hence, R, = op(n~1/?), so

ficrec = fag + op(n~?).

® Estimating By therefore has no first-order effect: the two estimators are asymptotically
equivalent. 17 /65



Variance estimation for the GREG estimator

® An estimator of the variance of ﬁGREG is

Ak/g €k €y =
.
V(ficrec) = N2 E o Sk =Yk X B
kes tes ke Tk e

® Under suitable regularity conditions,

V(ficrec) »
Va(Haie)

® The GREG estimator inherits the asymptotic normality of the difference estimator:

ZZGREG Y i> N(O 1)
V(ficrec)

® An approximate 95% confidence interval for i is

Hgrec * 1.964/ V(ficrec)-
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e chain process: the GREG estimator

Parameter A Toti
. symptotic
2

kEU

¢

GREG estimator:
ficreG = 7 {ZkeUXZB + 2 kes Wk <Yk - XZB>}

!

First-order design variance:

Va(iicrec) ~ 55 Z > A iﬂ

keU teU "

¥

Variance estimator:
LSS
2
kestes ke Tk e

V(iigrec) =
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From linear models to flexible prediction

® |n the linear case, fitted values are linear in xy.
® Therefore, their population total can be recovered from the known auxiliary total ty.

® This is why the classical GREG estimator does not require complete unit-level auxiliary
information.

® With nonparametric or machine-learning methods, fitted values are no longer linear in xy.

Key consequence

To evaluate the prediction for every population unit, we generally need
{Xk ke U}

That is, complete unit-level auxiliary information is required.
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Model-assisted estimation beyond linear models

® Many flexible prediction methods have been studied in the model-assisted framework:
m local polynomial regression; m neural networks.

m B-splines; m k-nearest neighbors;

m penalized splines; B regression trees;

m additive models; m random forests;

Breidt and Opsomer (2000); Goga (2005); Breidt et al. (2005); Montanari and Ranalli (2005); Opsomer
et al. (2007); Baffetta et al. (2009); Wang and Wang (2011); Breidt and Opsomer (2017); McConville and
Toth (2019); Dagdoug et al. (2023).
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Toward agnostic model-assisted estimation

® Existing results are often developed method by method.

® Each prediction method typically requires its own assumptions:
m smoothness or bandwidth conditions;
m restrictions on knots or basis dimension;
m neighborhood-size conditions;
m assumptions on tree partitions or algorithmic stability.

® Sanguiao Sande and Zhang (2021) propose a subsampling Rao—Blackwell approach that
accommodates linear or nonlinear prediction rules and yields exactly design-unbiased
estimators.

An alternative approach

In this talk, we present an alternative approach based on cross-fitting. We establish general
design-based results under high-level conditions on the sampling design and prediction errors,

treating the prediction algorithm as a black box.
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Oracle model-assisted estimator

® To describe the relationship between Y and the auxiliary variables, consider the working
model

Yk = m(xk) + €k, E(Ek | Xk) =0.

® Let m(-) be a target prediction rule that is fixed with respect to the sampling design. It
need not coincide with m(-).

® \We construct the oracle (difference) model-assisted estimator

1

fima(,7) = = |3 (xk) + 3 wi { — (xe))
keU kes 7
€k
® |ts estimation error is
P 1 I ~
ma 5 - = 75 = =1
Fma (M, ™) — p = > (m >ek

® Design-unbiased: Eg{fima(m, ) — pn} = 0. 23/65



What is the oracle rule m?

® Let m(-) be a prediction rule trained on the observed sample. We assume that its
predictions approach a deterministic target m(-) that is fixed under the sampling design:

1 . - 5
= Eq [{m(xk) — (xe)} ] 0.
keU
® With machine learning, the architecture, complexity or regularization may vary with the

training-sample size.

® The target m need not be the prediction rule fitted on the entire population, nor the
regression function m of the working model.

Linear regression: a familiar example

m(xx) = x, B, m(xx) = x; By.
In this case, the target coincides with the population regression fit introduced earlier.
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The chain process: the oracle model-assisted estimator

\/n-consistency

Parameter:

1
=5 Yk

}

Oracle model-assisted estimator:

- 1 _ _
Pma (M, 7) = N > ki) + > wi {ye — m(xi)}
keU keS g
ex
Design variance:
PO 1 €k €
Vd{uma(mﬂr)} = 2 Z Z App——
N* (elicy  ™kme
Oracle variance estimator:
\Y ‘m ) = 2 —
()} = 35 3 3 S

keSteS

Asymptotic
normality
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Feasible model-assisted estimator

® |n practice, the target prediction rule m(-) is unknown.

® \We replace m(-) by a prediction rule m(-) trained on the observed sample.

® The plug-in model-assisted estimator of i is

P (1,7) = 7 | 3 )+ 3w L — )} |

keU kes o

Is this plug-in step harmless?

Not in general. Why? Because the same sample is used twice:
® to construct the prediction rule m(-);
® to form the residual correction term.

This creates a data-reuse problem.
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What is the issue?

To make the dependence explicit, write the fitted prediction as mA(xk; I). T'hen, the error is
~ (A ) 1 I 1 { A( I)}
mamm—u_——g — = —m(xg; ) }.
8 4 keU K % '

If m were fixed under the design, the design expectation would be zero. Here, however, the
fitted prediction depends on the same sampling indicators that appear in the estimator.

Loss of exact design-unbiasedness

Biasg {fima(m, 7)} = —% ) Covy Crkk (X |)) .
keU

Interpretation
The design bias is driven by the dependence between the fitted predictions and the sampling
indicators. It is not automatically negligible when highly adaptive prediction methods are

used.
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Another view of the design bias

The design bias can be written as

Biasg {fima(m, m)} = —% Z Covy (7:_—’:(, m(xk; |)>

keU
_ _% (1 — ) [Ea{m(xic 1) | e = 1} — Eg{m(xic: 1) | i = 0}]
keU Ak
1
N keU(l T

Interpretation
Ay measures how much the average prediction for unit k changes according to whether unit
k is included in the sample = can be viewed as a design-based measure of prediction

instability. 28 /65



Another view of the design bias

e Algorithmic stability describes the sensitivity of a fitted rule to changes in its training
sample; Bousquet and Elisseeff (2002), Kearns and Ron (1999).

® Here, Ay compares the average predictions conditional on /, =1 and /[, = 0. A small
|Ag| means that these conditional mean predictions are close.

® Large values of |Ak| do not necessarily imply a large overall bias: positive and negative
contributions may cancel across population units.

® Large values of |Ak| can produce a significant design bias when their contributions tend
to have the same sign.

Fixed-size designs

Conditioning on I/, = 1 rather than /, = 0 also changes the distribution of the other sampling
indicators. Thus, Ay reflects changes in the rest of the training sample as well as the
inclusion of unit k itself.
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Impact on variance estimation

® The same data-reuse problem also affects variance estimation.

® A natural plug-in variance estimator is

S 1 VAVTR-IY) 1 IleDge ye — m(xg; 1) yo — m(xe; 1)
V{“ma(m’ﬂ)}zmz 777:WZZ ke ’

iy Ty T iy iy
kes ees ke Tk L keU teu L £

® The same sample determines both the inclusion indicators and the fitted residuals.

® Qverfitting can produce artificially small training residuals, leading to substantial
underestimation of the design variance.

Good news

The model-assisted estimator is Neyman orthogonal, so one key ingredient is already present.
We need a second ingredient: cross-fitting.
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Why cross-fitting?

Main idea

Cross-fitting aims to break the dependence created by data reuse by separating training from
evaluation.

We partition the population U, and therefore the observed sample S, into M folds.

For each fold U;, the prediction rule is trained using the sampled units outside that fold and
is then evaluated on units inside U;.

Honest predictions

The outcome of a unit is not used to train the rule that predicts that unit.

This produces honest predictions and honest residuals.
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Cross-fitting: an illustration with M = 3 folds

Population U
[ )
o UilM) Ua(Ns) Us(Ns)
o [ ]

® o

S =SnNnU,

(m2)
@ @
@ @
® E Sami)le S E ¢

A4 A4 A4

[ S1=5US; ]
Y

[ S ,=5US; ]
Y

[ S5 3=5US ]
Y
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The conditional-independence property

For a uniform partition independent of S, define the fold indicators
Ox = (6k1y--0km) |, drj = 1{k € U},
o=(8,,....80)".
We condition on the partition § and the fold sample counts
n=(n,....,nm)", nj =|SN U

For which sampling designs?

Our result establishes conditional independence across folds for exponential sampling designs

with symmetric support.
This includes SRSWOR, Poisson sampling, and conditional Poisson sampling.

See Tillé (2006) for the definitions of this class of designs and symmetric support.
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The conditional-independence property

lllustration: SRSWOR

Conditional on (n, d), the design is stratified SRSWOR, with the folds as strata.

Each S; is an SRSWOR sample of size n; from U;, independently across folds.

Consequence for the predictions

Since m(~/) is trained only on S_;,
A (xi) AL I | (n, 8), k € U;.
We have broken the dependence between the prediction for unit k and its sampling indicator,

conditionally on (n, d).
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Conditional inclusion probabilities

Under the conditional design, the first-order inclusion probabilities are

7" — P(l =1 n, ).
® Under SRSWOR,
ms) _ My
T N’ e U;.

® Under conditional Poisson sampling, they are computable numerically. This design
maximizes entropy for fixed sample size and initial inclusion probabilities.

Conjecture for high-entropy designs

We conjecture that the conditional inclusion probabilities under high-entropy fixed-size
designs are well approximated in large samples by those under conditional Poisson sampling,
using the same initial 7x's and the same (n, ).

Designs of interest include Rao—Sampford and randomized systematic PPS sampling.
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Cross-fitted model-assisted estimator

® Let j(k) denote the fold containing unit k. The prediction m(=/(%)(x,) uses only

observations outside that fold.

® The cross-fitted model-assisted estimator is

it (7709 = | = A + 3y {0} |

keU kes Ty

PN
of
&k

® The error is

ﬁ(r;ﬁa (r/ﬁ,ﬂ'(""s)) —u= % Z (71.(2(75) — l) {yk — fr\;(—f(k))(xk)} .
k

keU

A
of
€k
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Exact design-unbiasedness

) > 0 for every k € U, almost surely.

Assume conditional independence across folds and 7rf<"

Conditional independence

() (x,) UL I | (n, 8).

Since Ed{lk/ﬂ,(:"&) —1|n,d} =0, the conditional bias is

Eq [ﬁfﬁa <ﬁ7,7r(""s)) —p ’ n, 6} = —% keZUCovd <7T/(<2(,5)’ m(—kD(x,) [, 5) =0.

Exact design-unbiasedness

Averaging over (n,d) gives

IE:d |:ﬁrcrf1a (’/ﬁvﬁ(nyé))} — M= 0.
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Main assumption on the learner

The oracle uses the same conditional weights and replaces every cross-fitted prediction by a
fixed target rule m.

Finite-population prediction convergence

Oracle equivalence

Under suitable regularity conditions,

it ( 09) = 7 (7709) + o),

Interpretation

The target m need not equal the true regression function. Also, no specific rate of prediction

convergence is required.
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Cross-fitted variance estimator

Conditionally on (n, ), define

%) — Pl =1,I, =1|n,8),

n,é n,é n,é n,é
AE(/ )= t(<e : 775( )”1(2 ).

Using the cross-fitted residuals €ff = y, — m(~/(K)(x), we obtain

Variance estimator

.
.
H} |

(n,8)  ~cf ~c
(n,8) _ Z Z Ake ek €
cf 2 (n,8) "
keStes T k 7T1)

Variance target

Under additional regularity conditions, this consistently estimates the design variance of the
oracle estimator based on conditional weights. It is generally not exactly design-unbiased.
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First-order properties

Under the regularity conditions on the design and the predictions:

Root-n consistency

ks (A, m™9)) = = Op(n™2),

Variance consistency

Under some regularity conditions

n |75 — va{ac, (A, 79) }| = or(0).

Asymptotic normality

If the standardized oracle estimator satisfies a CLT, then

~cf (& (n,6)) _
B () g 0

<(n,é
ng' )
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The chain process: conditional probabilities

Parameter: -
i A
\/n-consistency B 1 SymPtPth
ko= N E PETEL normality

Cross-fitted model-assisted estimator:

i (,7)) = [mem“k+z(wﬁﬂ_ﬂﬂ)w”}
SR o)

keU

et
€k

}

First-order oracle variance:

A(" 5)

keU teU Ty

Consistent cross-fitted variance estimator:
(n0)  ~of  of

gno) Ay ek €

ch - N2 Z Z (n 8) n ,0) (n‘6)

keSeeS Ty
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Can we use the original weights w, = 1/7,?

Keep the same cross-fitted predictions and use the original design weights:

Z’" 0 (x4 +Z {yk,m( j(k))(xk)}]_

keU kGS

~cf /\

u’ma

The error is

L) == X (2= 1) {n - A}

Practical advantage

We use 7, for point estimation and 7, k¢ for variance estimation. No conditional inclusion
probabilities need to be computed.
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Original weights: what happens to the bias?

® Cross-fitting still makes the prediction for unit k conditionally independent of I, given
(n,9).

® However, the residual correction is no longer conditionally centered:

(n.)
Ed[lk—l‘n,é] e g

Tk Tk

® Consequently, exact design-unbiasedness is generally lost.

The remaining bias is negligible at first order

Under suitable design conditions, if the predictions converge and the conditional inclusion
probabilities are sufficiently close to the original inclusion probabilities,

Biasq { Ak, (m, 7)} = o(n~*/?).
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Original weights: equivalence to their own oracle

In addition to conditional independence and standard design and moment conditions, we

require:
® Prediction convergence: cross-fitted predictions approach a fixed rule m in
finite-population mean square.

® Probability proximity: changes in inclusion probabilities are small enough that their
interaction with prediction errors is negligible at the root-n scale.

Direct oracle equivalence

Iafrfa (I/fl’ ﬂ—) = ﬁma (I?l, ’/T) —+ o]p(nfl/z)'
This oracle uses the original probabilities and fixed predictions.
Therefore,

fena(,m) — = Op(n~1/2).
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Original weights: variance estimation and inference

. . /\Cf A~ .
An estimator of the variance of 1%, (m, ) is

() = LZZAM@EEX By — IR (x,)
cf ) - N2 The Tk 7T£’ k = Yk k
keS teS

<)

Under some regularity conditions,

n [@Cf(m,ﬁ) — Vo{Fima(, ﬂ)}} — op(1).

Asymptotic normality

If the oracle satisfies a CLT, then

/\Cf ~

Mma(mvw) — M i>./\/'(0 1)

~

Ve (m, )

Hence, Wald-type confidence intervals are asymptotically valid.
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Are the two weighting choices asymptotically equivalent?

7r(n 5)
k

Let & = yx — m(xx) and define

keU
This is the conditional bias of the original-weight oracle, given (n,d).

Under the comparison conditions,

ek (i, m) — fick, (0, 709 = Bo g + 0p(n™1/2).

An additional condition is needed

First-order equivalence holds if and only if

\m Bn,é = O]P’(l)

Under SRSWOR, this holds with an independent uniform population partition and a fixed

number of folds.
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Original versus conditional weights: the practical message

or or H H H
Let Voi,, and VO, denote the two unconditional oracle design variances.

First-order efficiency

Under the conditions for the variance comparison,

2
n( g;ig - génd) = nEd<Bn,6) + 0(1)
The conditional oracle is therefore at least as efficient at first order.
e Conditional weights: exact design-unbiasedness under conditional independence and
positivity, with possible first-order efficiency gains.

® Original weights: simpler implementation, negligible first-order bias, and valid inference.

Take-home message
Both weighting choices support valid first-order inference. This does not require the two

estimators to be asymptotically equivalent.
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The chain process: original probabilities

Parameter: i
A
Vrconsistency >
= N Zekeudk

Cross fitted model-assisted estimator:

Una (m 7T Z m _J(k)) Xk) + Z {yk - ’%(_j(k))(xk)}:|
K

keU kES

acf

}

First-order oracle variance:

Vo{fima (M, m)} = N2 Z Z

keUteU

Consistent cross- fltted variance estlmator

Talir) = Y S Aw&EL

kestes Tkt Tk T
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Simulation: performance of cross-fitting

® \We generated finite populations U of sizes N € {1000, 2500,5000} with p = 20
independent N/ (5, 2) covariates.

® Two survey variables were considered:

Y1 = 4X1 +3Xo +3X3 +2Xy +5X5 + 7Xs + N(0,225),
Yo =10 + 21(X; > 5) 4 (Xo + X3 — 10)2 + N(0,9).
® Samples were selected according to SRSWOR with n/N = 0.2.
® Regression function estimators m: linear regression, Random forests, k-NN and
regression trees based on all 20 predictors.
® \We compared 3 different point estimators:
m Model-assisted without cross-fitting fima (m, 7).
m Cross-fitting (M = 2 folds) with conditional inclusion probabilities, it (m, 7("9)).

cf

m Cross-fitting (M = 2 folds) with unconditional inclusion probabilities, 1S, (m, ). 49 /65



Monte-Carlo criteria

We used a Monte Carlo approach with R =20, 000 iterations. We computed:

® The Relative Bias (RB) of point estimators:

M(r) —

RB(i) = 100% x Z
® The Relative Efficiency (RE) with respect to HT.

N 1nno Envc (3 — p)?]
RE(7) = 100% x g0 K

® The RB of variance estimators:
Ewc |V(@)] - Viuc(7)
Vme(i) '

® The Monte-Carlo coverage probabilities, with desired target coverage of 95%.

RB-Var(i) = 100% x
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Results: Relative bias and relative efficiency (1)

| Linear relationship Non-linear relationship

n | 200 500 1000 |200 500 1000

Prediction method Estimator

i (1, ) RB|0.0 00 00 [-04 -02  -0.1
Ui a(m, RE| 39 34 34 |112 105 103
Regression ~of (s _(n,8)y RB|0.0 00 00 [-0.1 0.0 0.0
Ana (i, %) RE| 44 35 35 |133 111 106
Cof s RB|0.0 00 00 [-01 00 0.0
Pna (M, ) RE| 44 35 35 |133 111 106
froma (1, ) RB|0.0 0.0 0.0 ‘-1.1 09  -07
Random ma (M, RE| 61 50 48 | 45 34 31
Forests
Cof o 5)y RB|0.0 0.0 00 |00 00 0.0
et (m, 7™®) RE| 69 51 B2 ‘59 37 25
of s RB|0.0 00 00 |00 00 0.0
P (A1, ) RE| 69 54 52 |60 37 25
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Results: Relative bias and relative efficiency (2)

| Linear relationship Non-linear relationship

n | 200 500 1000 |200 500 1000

Prediction method Estimator

i (1, ) RB[00 00 00 [-1.7 -1.7  -2.1
Hmalm, 7 RE| 72 65 63 90 135 161

KNN RB|0.0 00 00 [-0.1 0.0 0.0
G s ¥ : . : -0. ) .

pef (7)) REI 78 68 66 | 90 84 81

Cof o RB[0.0 00 00 [-0.1 0.0 0.0

Pna (M, ) RE| 78 68 66 |89 84 81

froma (1, ) RB|[0.0 0.0 0.0 ‘-1.4 13 -1.0

Regression ma (M, RE|92 78 75 |72 66 60
Trees Lof A §)y RB|0.0 0.0 0.0 0.0 0.0 0.0
et (m, w(™2)) RE‘104 84 83 ‘ 89 58 42

Cof o RB[00 00 00 |00 00 0.0

P (A1, ) RE|104 84 8 |89 58 42
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Results: Variance estimation and coverage probability (1)

Linear Relationship Non-linear Relationshi
Prediction method Estimator ‘ > B

n \ 200 500 1000 | 200 500 1000
e (1, 7) RB-Var |[-18.2 -7.0 -4.7 |-20.3 -8.0 -4.7
™
(Pt CcP 921 940 943|909 936 942
Linear
Regression AT (. 20)) RB-Var| 03 10 -06| 06 0.7 -0.7
mat CcP 946 95.0 948 | 944 948 95.0
At () RB-Var| 1.1 12 -03| 1.4 09 -0.6
Hma i, CcP 948 051 047|945 948 950
(1, 7) RB-Var | -65.1 -65.8 -66.6 |-58.0 -56.4  -60.7
m 771—
(e cP 755 749 745|748 687  57.7
Random
Forests AT (0 9) RB-Var| 1.4 05 -0.8|-20 -09 2
matith CP 949 949 051 | 943 944 942
A<t (i, 7) RB-Var| 24 06 -07]-16 -05 BT
HmalfM cP 95.0 949 051 | 943 945 942
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Results: Variance estimation and coverage probability (2)

Linear Relationship Non-linear Relationshi
Prediction method Estimator ‘ > B

n | 200 500 1000| 200 500 1000
o RB-Var | 312 -32.0 -32.8|-282 -263 -27.1
/’Lma(myﬂ-)
cP 89.5 893 80.0 | 840 77.8  62.1
KNN . s RBVar| 18 08 -08|-06 10 05
Ak, (, w(m9))
cP 950 95.1 9049 | 945 9050  95.0
e RB-Var| 25 08 -07]-03 10 -05
ILLII)EL(m7 Tr)
cP 952 950 5.0 | 946 95.0  95.0
o RB-Var | -79.5 -80.3 -80.9|-66.9 -66.4 -71.0
frma(h, )
cP 624 617 610|683 504 448
Regression RB-Var| -13 -1.0 03 | -23 -02 1.8
Trees pct (,?7777("45)) -var) -4 o ’ -~ e -
ma cP 947 049 050 | 943 046 943
. RB-Var| -07 -11 03 |-20 01  -19
fisna (M, )
cP 948 0490 050 | 943 046 943
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Beyond the population mean: estimating equations

For a known estimating function 1, define 6y through the census estimating equation

0) =1 3wl 0)=0.

keU

® Population mean:
1
V.0 =y =0, OIn=p=1> v
keU
® Distribution function at a fixed t:

Uily,0) =1y <t) =6, O =Fu(t N%ﬂ vk < t).

Earlier model-assisted work

Rao et al. (1990) used auxiliary information to estimate finite-population distribution
functions and quantiles through ratio- and difference-type estimators.
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Model-assisted estimating equations

Let m(xk) predict yx. We use tp(m(xk),0) in the estimating equation.

Model-assisted estimating equation

> w(@xe),6) + Y = {(31:6) - w(ﬁv(xk),m}] -0,

e Cross-fitting: replace m(x,) by m(=/(K))(x,), trained outside the fold containing unit k.
This defines W< ().

® Estimate 6y by solving

Work in progress

Our preliminary simulations for finite-population distribution functions are very encouraging.

A detailed theoretical and empirical study is ongoing.
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A final perspective: model-based estimation

A long-standing approach

Model-based, or prediction-based, inference dates back at least to Brewer (1963) and
Royall (1970). See also Valliant et al. (2000) and Chambers and Clark (2012).

® Use the observed yi's for sampled units and predict the unobserved values for nonsampled

units.

® These estimators can be highly efficient when the model is appropriate. Valid inference
relies on assumptions about the population and the sampling mechanism.

Our perspective

We ask how this approach behaves with modern machine-learning predictions.
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The challenge with modern machine learning

Existing nonparametric approaches

Kernel, local polynomial and spline methods have already been studied.

Dorfman (1992); Chambers et al. (1993); Dorfman and Hall (1993); Kuk (1993); Zheng and
Little (2003); Rueda and Sanchez-Borrego (2009).

Their theory typically relies on method-specific assumptions.

Lack of Neyman orthogonality
The direct model-based estimator is generally not Neyman orthogonal. Prediction errors can
therefore enter at first order.

The challenge with general learners

Without additional structure, prediction errors from slowly converging learners may dominate
the n~'/? scale. A general theory for root-n inference therefore requires more than prediction
consistency.
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Why the model-assisted route?

Neyman orthogonality

The model-assisted correction makes the estimating equation Neyman orthogonal.

Cross-fitting
With the conditioning described earlier, cross-fitting provides the conditional independence
needed to control the effect of estimating the prediction rule.

Take-home message

Under the conditions discussed earlier, this combination yields an agnostic first-order theory:

® oracle equivalence and root-n consistency;

® consistent variance estimation and asymptotically valid confidence intervals.
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